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Let M be a 3 X 3 invertible matrix with real entries and let / denote the 3 X 3 identity matrix. If
M~1 = adj (adj M), then which of the following statements is/are ALWAYS TRUE?

(A) M =1 (B) detM =1 (C) M?2 =] (D) (adjM)? =1




B 2 1 1 . -)
let A € R™"™™ be a matrix such that A% = 0.
Suppose any vector in the column space of A can be expressed as v = Az for some £ € R

Which of the following statements is/are necessarily true?
f-A=0

VAT € Col(A), then v € Nlll](A):;_l pm(&lmm* ﬁf)pf\ = b
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D. Col(A) = Null(4)




Which of the following statements is/are correct?

‘(Man'ices A and B have the same characteristic polynomial.
LE. A and B have the same rank
C. A and B are similar matrices.
/D. Exactly one of A, B is diagonalizable.
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Review of block matrices

A block matrix (also called partitioned matrix) is a matrix of the kind

A B
C D
where 4, B, ¢ and D are matrices, called blocks, such that:

A and B have the same number of rows;

C and D have the same number of rows;

A and ¢ have the same number of columns;

B and D have the same number of columns.

Ideally, a block matrix is obtained by cutting a matrix vertically and horizontally. Each of the

resulting pieces is a block.

Example The matrix
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can be written as a block matrix

where
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Example The matrix

| L
Ln >
L= ad

oo
[
b2

can be written as a block matrix

where

An important fact about block matrices is that their multiplication can be carried out as if their

blocks were scalars, by using the standard rule for matrix multiplication:
A B EF | | AE+BG AF+BH
C D G H CE+DG CF+DH

The only caveat is that all the blocks involved in a multiplication (e.g., 4E, BG, CE) must be

conformable. For example, the number of columns of 4 and the number of rows of E must

coincide.

M= | R B

Determinant of a block-diagonal matrix with identity blocks

A first result concerns block matrices of the form

or

et

where 1 denotes an identity matrix, 0 is a matrix whose entries are all zero and 4 is a square
matrix.

Block matrices whose off-diagonal blocks are all equal to zero are called block-diagonal because
their structure is similar to that of diagonal matrices.

Not only the two matrices above are block-diagonal, but one of their diagonal blocks is an identity

matrix. We will call them block-diagonal matrices with identity blocks.

The following proposition holds.

Proposition LetT be one of the two block-diagonal matrices with identity blocks defined
above. Then,

det(I') = det(.4)

l Proof

Determinant of a block-triangular matrix

A block-upper-triangular matrix is a matrix of the form
r-| 43
0 D

Proposition LetI bea block-upper-triangular matrix, as defined above. Then,

where 4 and D are square matrices.

det(I") = det(4) det(D)

| Proof

A block-lower-triangular matrix is a matrix of the form
r-| 40
C D

Proposition LetTI bea block-lower-triangular matrix, as defined above. Then,

where 4 and D are square matrices.

det(I') = det(.4) det(D)

| Proof

The general case

We can now prove the general case, by using the results above.
Proposition Let I be a block matrix of the form
r_| 43
C D

where 4 and D are square matrices. If 4 is invertible, then

det(I") = det(4 ) det(D - CA™'B)

| Proof

Proposition Let I be as above. If D is invertible, then

det(I") = det(A4 — BD™'C")det(D)
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. | is a solution of Ax = 0, then

v=0

! rank[A | b] = rank[R | b]
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1. Definition (precise)

A principal minor is obtained by:

« choosing anindexset ] C {1,2,..., n}
« keeping rows in [

« keeping columns in J dMM P{ l \
I

The indices do not have to be consecutive.

Any diagonal entry < 0 X Not PSD, X Not PD

Any diagonal entry - 0 Possibly PSD, % Not PD

Any principal minor < 0 X Not PSD, X Not PD

Al principal minors = 0 PSD

Al leading principal minors > 0 PD p[ 'ls fps C;b
p)

All leading principal minors = 0 X No conclusion Afu @ _S — i(p{ '

All eigenvalues = 0 PSD

All eigenvalues > 0 PD

2. Leading principal minors (exact definition)

For an n. x n matrix A, the leading principal minors are:

'l'lf.'t(f'lil]q [ll!l{"‘lf)? *awy {l“t(“qu:j

where A, is the top-left k »x k submatrix of A:

ann -+ Mk

.‘h- —

KLU R Y

The characteristic equation of a 3x3 matrix A is given by the formula: )Qu ,f?q\,m L;ldu]' «

2~ — (Trace A)A" + (Sum of principal minors of order 2)A — (det A) = 0.

A7 4a(A)A+(A]
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